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On Euclidean Hulls of MDS Codes
Xiaolei Fang Meiqing Liu Jinquan Luo*
Abstract: In this paper, we propose a mechanism on the constructions of MDS codes with arbitrary
dimensions of Euclidean hulls. Precisely, we construct (extended) generalized Reed-Solomon(GRS) codes
with assigned dimensions of Euclidean hulls from self-orthogonal GRS codes. It turns out that our
constructions are more general than previous works on Euclidean hulls of (extended) GRS codes.
Key words: MDS self-orthogonal code, Generalized Reed-Solomon(GRS) code, Extended generalized
Reed-Solomon(GRS) code, Euclidean hull
1 Introduction
Let q be a prime power and Fq a finite field with q elements. A q-ary [n, k, d] code C is a linear
code over Fq with length n, dimension k and minimum distance d. The Singleton bound states that
k ≤ n − d + 1. The code C attaching the Singleton bound(i.e., k = n − d + 1) is called a maximum
distance separable(MDS) code. Due to their optimal properties, MDS codes play an important role in
coding theory and related fields, see [2, 28].
For any two vectors −→a = (a1, a2, . . . , an) and
−→
b = (b1, b2, . . . , bn) ∈ F
n
q , we define their Euclidean
inner product as:
−→a ·
−→
b =
n∑
i=1
aibi.
The dual code of C is defined as
C⊥ =
{
−→a ∈ Fnq :
−→a ·
−→
b = 0 for any
−→
b ∈ C
}
.
The hull of C is defined by
Hull(C) = C ∩ C⊥.
Readers are referred to [1] for more details on hull of linear code.
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The code C satisfying Hull(C) =
{−→
0
}
is called a linear complementary dual(LCD) code, which has
been extensively investigated recently ([5, 6, 7, 24]). In [5], Carlet et al. investigated constructions of
LCD codes utilizing cyclic codes, expanded Reed-Solomon codes and generalized residue codes, together
with direct sum, puncturing, shortening, extension, (u|u + v) construction and suitable automorphism
action. In [6] and [7], Carlet et al. showed that any linear code over Fq (q > 3) is equivalent to a
Euclidean LCD code and any linear code over Fq2 (q > 2) is equivalent to a Hermitian LCD code. In
[24], Li et al. presented some LCD cyclic codes with very good parameters in general and a well-rounded
treatment of reversible cyclic codes is also given. The linear code C satisfying Hull(C) = C (resp. C⊥) is
called self-orthogonal (resp. dual containing) code. In particular, the code C satisfying C = C⊥ is called
a self-dual code. Some MDS self-dual codes are constructed through various ways, see [10, 14, 19, 20,
29, 31, 32]. On the other hand, many classes of quantum MDS codes are constructed by MDS Hermitian
self-orthogonal codes, see [8, 9, 15-18, 21, 26, 27, 33, 34].
In general, linear codes with assigned dimensions of hulls can be applied to construct entanglement-
assisted quantum error-correcting codes(EAQECCs). EAQECCs were firstly introduced in [3]. Wilde
and Brun proposed a method for constructing EAQECCs by utilizing classical linear codes over finite
fields [30]. However, it is not explicit to calculate the required number of entangled states. Recently,
this number is related to the hull of classical linear code [13]. Thereafter, several new families of optimal
EAQECCs are proposed by determining the hulls of classical linear codes, see [11, 13, 22, 23].
By using (extended) GRS codes, Luo et al. proposed several infinite families of MDS codes with hulls
of arbitrary dimensions, which can be applied to construct some families of MDS EAQECCs with flexible
parameters, see [22] and [23]. In [11], Fang et al. presented several MDS codes by utilizing (extended)
GRS codes, and determined the dimensions of their Euclidean or Hermitian hulls. In particular, some of
the associated EAQECCs have the required number of maximally entangled states. They also gave some
new classes of MDS codes with Hermitian hulls of arbitrary dimensions.
Based on [11], [22] and [23], we propose a mechanism on the constructions of MDS codes with arbitrary
dimensions of Euclidean hulls. After the main results, we give some examples.
The rest of this paper is organized as follows. In Section 2, we briefly recall some basic notations
and properties of (extended) GRS codes. In Section 3, the mechanism on general constructions of MDS
codes with Euclidean hulls of arbitrary dimensions is presented. We give several examples to illustrate
the general construction mechanism in Section 4. Section 5 concludes the paper.
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2 Preliminaries
In this section, we introduce some basic notations and useful results on (extended) GRS codes.
Readers are referred to [25, Chapter 10] for more details.
Let Fq be a finite field with q elements. Denote by F
∗
q = Fq\{0}. For 1 ≤ n ≤ q, choose two vectors
−→v = (v1, v2, . . . , vn) ∈ (F
∗
q)
n and −→a = (a1, a2, . . . , an) ∈ F
n
q , where ai (1 ≤ i ≤ n) are distinct. For an
integer k with 1 ≤ k ≤ n, the GRS code of length n associated with −→v and −→a is defined as follows:
GRSk(
−→a ,−→v ) = {(v1f(a1), . . . , vnf(an)) : f(x) ∈ Fq[x], deg(f(x)) ≤ k − 1} . (1)
A generator matrix of GRSk(
−→a ,−→v ) is
Gk =


v1 v2 · · · vn
v1a1 v2a2 · · · vnan
v1a
2
1 v2a
2
2 · · · vna
2
n
...
...
. . .
...
v1a
k−1
1 v2a
k−1
2 · · · vna
k−1
n

 .
The code GRSk(
−→a ,−→v ) is a q-ary [n, k] MDS code and its dual is also MDS [25, Chapter 11].
The extended GRS code associated with −→v and −→a is defined by:
GRSk(
−→a ,−→v ,∞) = {(v1f(a1), . . . , vnf(an), fk−1) : f(x) ∈ Fq[x], deg(f(x)) ≤ k − 1}, (2)
where fk−1 is the coefficient of x
k−1 in f(x). A generator matrix of GRSk(
−→a ,−→v ,∞) is
Gk,∞ =


v1 v2 · · · vn 0
v1a1 v2a2 · · · vnan 0
v1a
2
1 v2a
2
2 · · · vna
2
n 0
...
...
. . .
...
...
v1a
k−1
1 v2a
k−1
2 · · · vna
k−1
n 1

 .
The code GRSk(
−→a ,−→v ,∞) is a q-ary [n+ 1, k] MDS code and its dual is also MDS [25, Chapter 11].
For 1 ≤ i ≤ n, we define
ui :=
∏
1≤j≤n,j 6=i
(ai − aj)
−1. (3)
Let QRq denote the set of nonzero square elements of Fq. These symbols will be used frequently in this
paper.
Lemma 2.1. ([4, Lemma 2]) A codeword −→c = (v1f(a1), . . . , vnf(an)) ∈ Hull
(
GRSk(
−→a ,−→v )
)
if and
only if there exists a polynomial g(x) ∈ Fq[x] with deg(g(x)) ≤ n− k − 1, such that
3
(v21f(a1), v
2
2f(a2), . . . , v
2
nf(an)) = (u1g(a1), u2g(a2), . . . , ung(an)).
Lemma 2.2. ([4, Lemma 3]) A codeword −→c = (v1f(a1), . . . , vnf(an), fk−1) ∈ Hull
(
GRSk(
−→a ,−→v ,∞)
)
if and only if there exists a polynomial g(x) ∈ Fq[x] with deg(g(x)) ≤ n− k, such that
(v21f(a1), v
2
2f(a2), . . . , v
2
nf(an), fk−1) = (u1g(a1), u2g(a2), . . . , ung(an),−gn−k).
Lemma 2.3. ([21, Lemma 5]) Let a1, a2, · · · , an be distinct elements in Fq. Then we have
n∑
i=1
ami ui =
{
0, 0 ≤ m ≤ n− 2;
1, m = n− 1.
In Corollary 2.4 of [19], sufficient condition for GRS codes being self-dual is presented. In the following
lemma, we show that the condition is also necessary. Furthermore, an equivalent condition for a GRS
code being self-orthogonal is presented.
Lemma 2.4. If 1 ≤ m ≤ ⌊n2 ⌋, then GRSm(
−→a ,−→v ) is Euclidean self-orthogonal if and only if v2i =
λ(ai)ui 6= 0(1 ≤ i ≤ n), where λ(ai) = λ0 + λ1ai + · · ·+ λn−2ma
n−2m
i with λh ∈ Fq(0 ≤ h ≤ n− 2m).
Proof. It is easy to check that
GRSm(
−→a ,−→v ) is self-orthogonal⇔
n∑
i=1
v2i a
l
i = 0 for 0 ≤ l ≤ 2m− 2.
Denote by xi = v
2
i (1 ≤ i ≤ n). The system of linear equations
n∑
i=1
alixi = 0 (4)
for 0 ≤ l ≤ 2m− 2 has solutions
(u1, . . . , un), (a1u1, . . . , anun), . . . , (a
n−2m
1 u1, . . . , a
n−2m
n un), (5)
which are linear independent. Note that the rank of coefficient matrix of (4) is 2m − 1. It follows that
(5) is a basic solution system of (4). Therefore,
v2i =
n−2m∑
h=0
λha
h
i ui 6= 0 for any 1 ≤ i ≤ n and λh ∈ Fq.
Conversely, let v2i = λ(ai)ui 6= 0(1 ≤ i ≤ n) where λ(ai) = λ0 + λ1ai + · · · + λn−2ma
n−2m
i with
λh ∈ Fq(0 ≤ h ≤ n− 2m). Then
n∑
i=1
v2i a
l
i = 0 for 0 ≤ l ≤ 2m− 2.
It implies GRSm(
−→a ,−→v ) is Euclidean self-orthogonal.
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Corollary 2.1. Assume 1 ≤ m ≤ ⌊n2 ⌋. Then GRSm(
−→a ,−→v )⊥ = GRSn−m(
−→a ,−→v ) if and only if there
exists λ ∈ F∗q such that λui = v
2
i , where 1 ≤ i ≤ n. In particular, when m =
n
2 with n even, GRSn2 (
−→a ,−→v )
is MDS self-dual (see Corollary 2.4 of [19]).
Similarly as GRS codes, Lemma 2 of [31] presents sufficient condition for extended GRS codes being
self-dual. The following lemma shows that the condition is also necessary. More precisely, we give a
criterion for an extended GRS code being self-orthogonal.
Lemma 2.5. If 1 ≤ m ≤ ⌊n+12 ⌋, then GRSm(
−→a ,−→v ,∞) is Euclidean self-orthogonal if and only if
v2i = λ(ai)ui 6= 0(1 ≤ i ≤ n), where λ(ai) = λ0 + λ1ai + · · ·+ λn−2ma
n−2m
i − a
n−2m+1
i with λh ∈ Fq(0 ≤
h ≤ n− 2m).
Proof. By taking inner product of all pairs in the basis of GRSm(
−→a ,−→v ,∞),
GRSm(
−→a ,−→v ,∞) is self-orthogonal⇔


n∑
i=1
v2i a
l
i = 0, 0 ≤ l ≤ 2m− 3;
n∑
i=1
v2i a
2m−2
i + 1 = 0.
Denote by xi = v
2
i (1 ≤ i ≤ n). If we only consider the system of equations
n∑
i=1
alixi = 0(0 ≤ l ≤ 2m− 3),
similarly as Lemma 2.4, the solution is
xi =
n−2m+1∑
h=0
λha
h
i ui 6= 0 for any 1 ≤ i ≤ n and λh ∈ Fq. (6)
Substituting (6) to
n∑
i=1
a2m−2i xi + 1 = 0,
n∑
i=1
λn−2m+1a
n−1
i ui + 1 = 0.
It deduces that λn−2m+1 = −1 from Lemma 2.3. Hence v
2
i = λ(ai)ui(1 ≤ i ≤ n) where λ(ai) =
λ0 + λ1ai + · · ·+ λn−2ma
n−2m
i − a
n−2m+1
i with λh ∈ Fq(0 ≤ h ≤ n− 2m).
Conversely, let v2i = λ(ai)ui 6= 0 for any 1 ≤ i ≤ n and λ(ai) = λ0+λ1ai+· · ·+λn−2ma
n−2m
i −a
n−2m+1
i
with λh ∈ Fq(0 ≤ h ≤ n− 2m). Then

n∑
i=1
v2i a
l
i = 0, 0 ≤ l ≤ 2m− 3
n∑
i=1
v2i a
2m−2
i + 1 = 0.
This completes the proof.
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Corollary 2.2. For 1 ≤ m ≤ ⌊n+12 ⌋, the code GRSm(
−→a ,−→v ,∞)⊥ = GRSn+1−m(
−→a ,−→v ,∞) if and only
if −ui = v
2
i for all i = 1, 2, . . . , n. In particular, when n is odd and m =
n+1
2 , GRSn+12
(−→a ,−→v ) is MDS
self-dual (see Lemma 2.2 of [31]).
3 Main Results
In this section, we present our constructions of MDS codes with Euclidean hulls of arbitrary dimensions
utilizing (extended) GRS codes.
Firstly, we give the definition of almost self-dual code. It is a special case of self-orthogonal code.
Definition 1. Assume the length of the code C is odd. If C ⊆ C⊥ and dim(C⊥) = dim(C) + 1, we call
C an almost self-dual code.
Now we construct MDS codes with Euclidean hulls of arbitrary dimensions via GRS codes.
Theorem 1. Assume 1 ≤ m ≤ ⌊n2 ⌋ and q > 3. Suppose GRSm(
−→a ,−→v ) is self-orthogonal (i.e.
GRSm(
−→a ,−→v ) ⊆ GRSm(
−→a ,−→v )⊥) with −→a = (a1, a2, . . . , an) and
−→v = (v1, v2, . . . , vn). For any 0 ≤
l ≤ k ≤ m ≤ ⌊n2 ⌋, there exists a q-ary [n, k] MDS code C with dim(Hull(C)) = l.
Proof. From GRSm(
−→a ,−→v ) ⊆ GRSm(
−→a ,−→v )⊥ and Lemma 2.4,
v2i = λ(ai)ui 6= 0(1 ≤ i ≤ n),
where λ(ai) = λ0 + λ1ai + . . . + λn−2ma
n−2m
i with λh ∈ Fq(0 ≤ h ≤ n − 2m). Denote by s := k − l,
−→a = (a1, a2, . . . , an) and
−→v
′
= (αv1, αv2, . . . , αvs, vs+1, . . . , vn), where α ∈ F
∗
q and α
2 6= 1. For C =
GRSk(
−→a ,−→v
′
) and any
−→c = (αv1f(a1), . . . , αvsf(as), vs+1f(as+1), . . . , vnf(an)) ∈ Hull(C)
with deg(f(x)) ≤ k−1, according to Lemma 2.1, there exists a polynomial g(x) ∈ Fq[x] with deg(g(x)) ≤
n− k − 1 such that
(α2v21f(a1), . . . , α
2v2sf(as), v
2
s+1f(as+1), . . . , v
2
nf(an))
=(u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an)).
Due to v2i = λ(ai)ui(1 ≤ i ≤ n),
(α2λ(a1)u1f(a1), . . . , α
2λ(as)usf(as), λ(as+1)us+1f(as+1), . . . , λ(an)unf(an))
=(u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an)).
(7)
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When s + 1 ≤ i ≤ n, we get λ(ai)f(ai) = g(ai). Note that deg(λ(x)f(x)) ≤ n − 2m + (k − 1) ≤
n − 2k + (k − 1) = n − k − 1 and deg(g(x)) ≤ n − k − 1. It deduces that λ(x)f(x) = g(x) from
n− s ≥ n− k. When 1 ≤ i ≤ s, it implies
α2λ(ai)uif(ai) = uig(ai) = uiλ(ai)f(ai).
We derive that f(ai) = 0 (1 ≤ i ≤ s) by α
2 6= 1 and λ(ai)ui 6= 0. So
f(x) = h(x)
s∏
i=1
(x− ai),
for some h(x) ∈ Fq[x] with deg(h(x)) ≤ k − 1− s. It follows that dim(Hull(C)) ≤ k − s.
Conversely, put f(x) = h(x)
s∏
i=1
(x− ai), where h(x) ∈ Fq[x] and deg(h(x)) ≤ k − 1− s. Assume that
g(x) = λ(x)f(x), which yields deg(g(x)) ≤ n− k − 1. Then
(α2λ(a1)u1f(a1), . . . , α
2λ(as)usf(as), λ(as+1)us+1f(as+1), . . . , λ(an)unf(an))
=(u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an)).
According to Lemma 2.1,
(αv1f(a1), . . . , αvsf(as), vs+1f(as+1), . . . , vnf(an)) ∈ Hull(C).
Therefore, dim(Hull(C)) ≥ k − s.
As a result, dim(Hull(C)) = k − s = l.
As a corollary, the following result can be deduced by choosing GRSm(
−→a ,−→v )⊥ = GRSn−m(
−→a ,−→v ).
Corollary 3.1. Assume 1 ≤ m ≤ ⌊n2 ⌋ and q > 3. Suppose
GRSm(
−→a ,−→v )⊥ = GRSn−m(
−→a ,−→v )
with −→a = (a1, a2, . . . , an) and
−→v = (v1, v2, . . . , vn). For any 0 ≤ l ≤ k ≤ ⌊
n
2 ⌋, there exists a q-ary [n, k]
MDS code C with dim(Hull(C)) = l.
Remark 3.1. Both Theorem 7 of [23] and Theorem 1(i) of [11] are special cases of Corollary 3.1.
The above result is on the constructions of MDS codes with Euclidean hulls of arbitrary dimensions
utilizing GRS codes. Afterwards, we present constructions utilizing extended GRS codes.
Theorem 2. Assume 1 ≤ m ≤ ⌊n+12 ⌋, q > 3 and n < q. Suppose GRSm(
−→a ,−→v ,∞) is self-orthogonal
with −→a = (a1, a2, . . . , an) and
−→v = (v1, v2, . . . , vn). For any 0 ≤ l ≤ k ≤ m ≤ ⌊
n+1
2 ⌋, there exists a q-ary
[n+ 1, k] MDS code C with dim(Hull(C)) = l.
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Proof. Since GRSm(
−→a ,−→v ,∞) is self-orthogonal and by Lemma 2.5,
v2i = λ(ai)ui 6= 0(1 ≤ i ≤ n),
where λ(ai) = λ0 + λ1ai + . . . + λn−2ma
n−2m
i − a
n−2m+1
i with λh ∈ Fq(0 ≤ h ≤ n − 2m). Put pi(x) =
(x− b)m−k with some b ∈ Fq\{a1, . . . , an}. Denote by s := k − l. Choose
−→a = (a1, . . . , an) and
−→v
′
= (αv1pi(a1), αv2pi(a2), . . . , αvspi(as), vs+1pi(as+1), . . . , vnpi(an)),
where α ∈ F∗q with α
2 6= 1. Set C := GRSk(
−→a ,−→v
′
,∞). For any
−→c = (αv1pi(a1)f(a1), . . . , αvspi(as)f(as), vs+1pi(as+1)f(as+1), . . . , vnpi(an)f(an), fk−1) ∈ Hull(C)
with deg(f(x)) ≤ k − 1, by Lemma 2.2, there exists a polynomial g(x) ∈ Fq[x] with deg(g(x)) ≤ n − k
such that
(α2v21pi
2(a1)f(a1), . . . , α
2v2spi
2(as)f(as), v
2
s+1pi
2(as+1)f(as+1), . . . , v
2
npi
2(an)f(an), fk−1)
=(u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an),−gn−k).
From v2i = λ(ai)ui, we derive
(α2λ(a1)u1pi
2(a1)f(a1), . . . , α
2λ(as)uspi
2(as)f(as), λ(as+1)us+1pi
2(as+1)f(as+1), . . . ,
λ(an)unpi
2(an)f(an), fk−1) = (u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an),−gn−k).
(8)
We claim that λ(x)pi2(x)f(x) = g(x) in the following:
• Case 1: −fk−1 = gn−k = 0. It follows from (8) that λ(ai)pi
2(ai)f(ai) = g(ai) for s + 1 ≤ i ≤ n.
Note that deg(λ(x)pi2(x)f(x)) ≤ n−2m+1+2m−2k+k−2 = n−k−1 and deg(g(x)) ≤ n−k−1.
From n− s ≥ n− k, it follows that λ(x)pi2(x)f(x) = g(x).
• Case 2: −fk−1 = gn−k 6= 0. In this case, deg(λ(x)pi
2(x)f(x)) = n−2m+1+2m−2k+k−1 = n−k
and deg(g(x)) = n− k. Then deg(λ(x)pi2(x)f(x)− g(x)) ≤ n− k− 1. From (8), λ(ai)pi
2(ai)f(ai) =
g(ai) for s+ 1 ≤ i ≤ n. Since n− s ≥ n− k, then λ(x)pi
2(x)f(x) = g(x).
Comparing the beginning s coordinates on both sides of (8),
α2λ(ai)uipi
2(ai)f(ai) = uig(ai) = uiλ(ai)pi
2(ai)f(ai).
We derive that f(ai) = 0 (1 ≤ i ≤ s) by α
2 6= 1 and λ(ai)uipi(ai) 6= 0. So
f(x) = h(x)
s∏
i=1
(x− ai),
for some h(x) ∈ Fq[x] with deg(h(x)) ≤ k − s− 1. It follows that dim(Hull(C)) ≤ k − s.
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Conversely, set f(x) = h(x)
s∏
i=1
(x− ai), where h(x) ∈ Fq[x] and deg(h(x)) ≤ k − 1 − s. Assume that
g(x) = λ(x)pi2(x)f(x), which implies deg(g(x)) ≤ n− k. Then
(α2λ(a1)u1pi
2(a1)f(a1), . . . , α
2λ(as)uspi
2(as)f(as), λ(as+1)us+1pi
2(as+1)f(as+1), . . . ,
λ(an)unpi
2(an)f(an), fk−1) = (u1g(a1), . . . , usg(as), us+1g(as+1), . . . , ung(an),−gn−k).
According to Lemma 2.2,
(αv1pi(a1)f(a1), . . . , αvspi(as)f(as), vs+1pi(as+1)f(as+1), . . . , vnpi(an)f(an), fk−1) ∈ Hull(C).
Therefore, dim(Hull(C)) ≥ k − s.
Consequently, dim(Hull(C)) = k − s = l.
As a corollary of this theorem, the following result can be derived directly by choosing self-dual code
GRSn+1
2
(−→a ,−→v ,∞) with n odd (self-dual code GRSn
2
(−→a ,−→v ) with n even, respectively).
Corollary 3.2. (i). Assume n is odd, q > 3 and n < q. Suppose GRSn+1
2
(−→a ,−→v ,∞) is self-dual with
−→a = (a1, a2, . . . , an) and
−→v = (v1, v2, . . . , vn) . For any 0 ≤ l ≤ k ≤
n+1
2 , there exists a q-ary [n + 1, k]
MDS code C with dim(Hull(C)) = l.
(ii). Assume n is even and q > 3. Let GRSn
2
(−→a ,−→v ) be self-dual with −→a = (a1, a2, . . . , an) and
−→v = (v1, v2, . . . , vn) . For any 1 ≤ k ≤
n
2 and 0 ≤ l ≤ k − 1, there exists a q-ary [n+ 1, k] MDS code C
with dim(Hull(C)) = l.
Remark 3.2. As special cases of this result, Theorem 1(ii),(iii) and Theorem 2 of [11] can be deduced
directly from Corollary 3.2.
The remaining case q = 3 can be depicted explicitly.
Remark 3.3. (i). The 3-ary [2, 1, 2] MDS code C with generator matrix
G1 =
(
v1 v2
)
where v1, v2 ∈ F
∗
3, has dim(Hull(C)) = 0.
(ii). The 3-ary [3, 1, 3] MDS code C with generator matrix
G′1 =
(
v1 v2 v3
)
where v1, v2, v3 ∈ F
∗
3, has dim(Hull(C)) = 1.
(iii). The 3-ary [4, 1, 4] MDS code C with generator matrix
9
G′′1,∞ =
(
v1 v2 v3 1
)
where v1, v2, v3 ∈ F
∗
3, has dim(Hull(C)) = 0 and the 3-ary [4, 2, 3] MDS code C with generator matrix
G′′2,∞ =
(
v1 v2 v3 0
0 v2 −v3 1
)
where v1, v2, v3 ∈ F
∗
3, has dim(Hull(C)) = 2. A straightforward calculation shows that there does not
exist 3-ary [4, 2, 3] code C with dim(Hull(C)) = 1.
4 Examples
Each MDS self-orthogonal (extended) GRS code can be applied to construct MDS codes with arbitrary
dimensions of hulls. In this section, applying Theorems 1 and 2, we give some concrete examples on
(extended) GRS codes whose dimensions of hulls can be determined.
Example 4.1. Let q = r2, where r is an odd prime power. Suppose m | q − 1. For 1 ≤ t ≤ r+1gcd(r+1,m) ,
assume n = tm is even.
(i). If q−1
m
is even, then for any 1 ≤ k ≤ n2 and 0 ≤ l ≤ k, there exists a q-ary [n, k] MDS code C
with dim(Hull(C)) = l.
(ii). If q−1
m
is even, then for any 1 ≤ k ≤ n−12 and 0 ≤ l ≤ k− 1, there exists a q-ary [n+ 1, k] MDS
code C with dim(Hull(C)) = l.
(iii). For any 1 ≤ k ≤ n2 and 0 ≤ l ≤ k, there exists a q-ary [n + 1, k] MDS code C with
dim(Hull(C)) = l, except the case that t is even, m is even and r ≡ 1 (mod 4).
(iv). For any 1 ≤ k ≤ n+22 and 0 ≤ l ≤ k, there exists a q-ary [n + 2, k] MDS code C with
dim(Hull(C)) = l, except the case that t is even, m is even and r ≡ 1 (mod 4).
Proof. (i). Let α be a primitive m-th root of unity in Fq and S = 〈β〉 be the cyclic group of order r + 1.
By the second fundamental theorem of group homomorphism,
S
/
(S ∩ 〈α〉) ≃ (S × 〈α〉)
/
〈α〉 ≤ F∗q
/
〈α〉.
Let B = {βµ1 , . . . , βµt} be a set of coset representatives of (S×〈α〉)
/
〈α〉 with 0 ≤ µ1 < · · · < µt < r+1.
Put µ = µ1 + · · · + µt and A = {αβ
µ1 , . . . , αmβµ1 , αβµ2 , . . . , αmβµ2 , . . . , αβµt , . . . , αmβµt}. Denote by
ac+(j−1)m := α
cβµj with 1 ≤ c ≤ m, 1 ≤ j ≤ t and −→a = (a1, . . . , an). Let i = c + (j − 1)m and λ =
g
r+1
2
·(t−1)−mµ, where 1 ≤ i ≤ n and g is a generator of F∗q. Then by [12], we know λ ·
n∏
z 6=i, z=1
(ai − az) ∈
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QRq. Set v
2
i =
(
λ ·
n∏
z 6=i, z=1
(ai − az)
)−1
and −→v = (v1, . . . , vn). Then GRSn
2
(−→a ,−→v ) is MDS self-dual.
According to Theorem 1, we complete the proof.
(ii). With the same process of proof as (i) and Theorem 2, we can obtain the result.
(iii). Similarly as (i), choose A = {αβµ1 , . . . , αmβµ1 , αβµ2 , . . . , αmβµ2 , . . . , αβµt , . . . , αmβµt , 0}. De-
note by ac+(j−1)m := α
cβµj , an+1 := 0 and
−→a = (a1, . . . , an, an+1), where 1 ≤ c ≤ m and 1 ≤ j ≤ t. Let
i = c + (j − 1)m (1 ≤ i ≤ n). Then by [12], we have
n+1∏
z 6=i, z=1
(ai − az) ∈ QRq, for any 1 ≤ i ≤ n + 1,
except the case that t is even, m is even and r ≡ 1 (mod4). Accordingly, for any 1 ≤ i ≤ n + 1, we can
set v2i =
n∏
z 6=i, z=1
(ai − az)
−1
and −→v = (v1, . . . , vn, vn+1). It follows that GRSn−1
2
(−→a ,−→v ) is MDS almost
self-dual. Due to Theorem 1, the result can be deduced.
(iv). With the same process of proof as (iii), we let −→a = (a1, . . . , an, an+1) and
−→v = (v1, . . . , vn, vn+1),
where v2i = −
n∏
z 6=i, z=1
(ai − az)
−1
. Since GRSn+1
2
(−→a ,−→v ,∞) is MDS self-dual and by Theorem 2, we
obtain the result.
Remark 4.1. In (ii) and (iii), the length of the code is n+ 1. However, they can not cover each other.
Example 4.2. Let q = r2, where r is an odd prime power. Suppose m | q − 1 and 1 ≤ t ≤ r+12 gcd(r+1,m) .
Assume n = tm is odd.
(i). For any 1 ≤ k ≤ n−12 and 0 ≤ l ≤ k, there exists a q-ary [n, k] MDS code C with dim(Hull(C)) =
l.
(ii). For any 1 ≤ k ≤ n+12 and 0 ≤ l ≤ k, there exists a q-ary [n + 1, k] MDS code C with
dim(Hull(C)) = l.
(iii). For any 1 ≤ k ≤ n+12 and 0 ≤ l ≤ k − 1, there exists a q-ary [n + 2, k] MDS code C with
dim(Hull(C)) = l.
Proof. (i). Recall α and β in the proof of Example 4.1. Let B = {βµ1 , . . . , βµt} be a set of coset
representatives of (S × 〈α〉)
/
〈α〉 with 0 ≤ µ1 < · · · < µt < r + 1 and µ1, . . . , µt are even. Denote by
µ = µ1+ · · ·+µt and A = {αβ
µ1 , . . . , αmβµ1 , αβµ2 , . . . , αmβµ2 , . . . , αβµt , . . . , αmβµt}. Put ac+(j−1)m :=
αcβµj with 1 ≤ c ≤ m, 1 ≤ j ≤ t and −→a = (a1, . . . , an). Let i = c + (j − 1)m with 1 ≤ i ≤ n. Then by
[12], we derive that
n∏
z 6=i, z=1
(ai − az) ∈ QRq.
Let v2i =
n∏
z 6=i, z=1
(ai − az)
−1
and −→v = (v1, . . . , vn). It yields GRSn−1
2
(−→a ,−→v ) is MDS almost self-dual.
By Theorem 1, we finish the proof.
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(ii). With the same process as (i), let −→a = (a1, . . . , an) and we obtain
n∏
z 6=i, z=1
(ai − az) ∈ QRq by [12].
Hence there exists vi ∈ F
∗
q so that v
2
i = −
n∏
z 6=i, z=1
(ai − az)
−1. It is easy to see that GRSn+1
2
(−→a ,−→v ,∞)
is MDS self-dual. Then the result follows from Theorem 2.
(iii). Choose A = {αβµ1 , . . . , αmβµ1 , αβµ2 , . . . , αmβµ2 , . . . , αβµt , . . . , αmβµt , 0}. Denote by
ac+(j−1)m := α
cβµj , an+1 := 0 and
−→a = (a1, . . . , an, an+1),
where 1 ≤ c ≤ m and 1 ≤ j ≤ t. Let i = c + (j − 1)m (1 ≤ i ≤ n). Then by [12], we deduce that
n+1∏
z 6=i, z=1
(ai − az) ∈ QRq, for any 1 ≤ i ≤ n+ 1. Thus we let v
2
i = −
n+1∏
z 6=i, z=1
(ai − az)
−1 (1 ≤ i ≤ n+ 1)
and −→v = (v1, . . . , vn, vn+1). Then the result follows from that GRSn
2
(−→a ,−→v ) is MDS self-dual and
Theorem 2.
Example 4.3. Let q = p2s, where p is an odd prime and s is a positive integer. Assume that n = p2e
with 1 ≤ e ≤ s.
(i). For any 1 ≤ k ≤ n−12 and 0 ≤ l ≤ k, there exists a q-ary [n, k] MDS code C with dim(Hull(C)) =
l.
(ii). For any 1 ≤ k ≤ n+12 and 0 ≤ l ≤ k, there exists a q-ary [n + 1, k] MDS code C with
dim(Hull(C)) = l.
Proof. (i). Denote by r = ps. Let S = {α1, α2, . . . , αpe} be an e-dimensional Fp-linear subspace of Fr
with 1 ≤ e ≤ s. Choose β ∈ Fq\Fr such that β
r+1 = 1. Let αk,j = αkβ + αj with 1 ≤ k, j ≤ p
e.
Denote by ak+(j−1)pe := αk,j and
−→a = (a1, . . . , an). Let i = k0 + (j0 − 1) · p
e with 1 ≤ i ≤ n. Then
by [12], it follows that
n∏
z 6=i, z=1
(ai − az) ∈ QRq. For any 1 ≤ i ≤ n, set v
2
i =
n∏
z 6=i, z=1
(ai − az)
−1
and
−→v = (v1, . . . , vn). It is easy to see that GRSn−1
2
(−→a ,−→v ) is MDS almost self-dual. According to Theorem
1, we accomplish the proof.
(ii). With the same reason as (i), put −→a = (a1, . . . , an). We obtain
n∏
z 6=i, z=1
(ai − az) ∈ QRq
with 1 ≤ i ≤ n. Let v2i = −
n∏
z 6=i, z=1
(ai − az)
−1
and denote by −→v = (v1, . . . , vn). We deduce that
GRSn+1
2
(−→a ,−→v ,∞) is MDS self-dual. According to Theorem 2, the result can be obtained.
From Theorem 6.1 in [32], when q ≡ 3 (mod 4) and n ≡ 2 (mod4), there does not exist self-dual code
over Fq with length n. However, self-orthogonal codes with q ≡ 3 (mod4) and n ≡ 2 (mod 4) may exist.
So we can construct MDS codes with Euclidean hulls of assigned dimensions with q ≡ 3 (mod 4) and
n ≡ 2 (mod4) by Theorem 1 in the following example.
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Example 4.4. Let q ≡ 3 (mod4) be an odd prime power. Suppose odd t | q − 1 and n = 2t. For any
1 ≤ k ≤ n2 − 1 and 0 ≤ l ≤ k, there exists a q-ary [n, k] MDS code C with dim(Hull(C)) = l.
Proof. Let α be a primitive t-th root of unity in Fq. For any ω 6∈ QRq, set
−→a =
(
α, α2, . . . , αt, ωα, ωα2, . . . , ωαt
)
.
When 1 ≤ i ≤ t,
ui =
t∏
j=1,j 6=i
(αi − αj) ·
t∏
j=1
(αi − ωαj) = tα−i · (1− ωt)
and
ui+t =
t∏
j=1,j 6=i
(ωαi − ωαj) ·
t∏
j=1
(ωαi − αj) = (−ωt−1) · tα−i · (1 − ωt).
Choose λ(x) = t(1− ωt)x. For 1 ≤ i ≤ t,
λ(αi)ui = (t · (1− ω
t))2 ∈ QRq
and
λ(ωαi)ui+t = (−ω
t) · (t · (1− ωt))2 ∈ QRq,
which follows from q ≡ 3 (mod 4) and t odd. By Lemma 2.4, there exists −→v ∈ Fnq with nonzero entries
such that GRSk(
−→a ,−→v ) is self-orthogonal. According to Theorem 1, we complete the proof.
5 Conclusion
Based on [11], [22] and [23], we propose a mechanism on the constructions of MDS codes with arbitrary
dimensions of Euclidean hulls: if there exist self-orthogonal (extended) GRS codes, then we can construct
(extended) GRS codes with arbitrary assigned dimensions of Euclidean hulls. In particular, MDS (almost)
self-dual codes can be employed to construct such codes. In this sense, any known (extended) GRS
(almost) self-dual code can be applied to find new (extended) GRS code with any dimension of hull. A
more general question remains open: for an [n,m] MDS code C with dim (Hull(C)) = h, try to find [n, k]
MDS code C′ with any k ≤ m and any dim (Hull(C′)) = l ≤ min (h, k). We invite readers to attack this
open problem.
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